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Abstract. The vibrational characteristics of a plate on a two-parameter foundation under moving 
rectangular loads with variable velocities are investigated, and the general solution for the 
dynamic deflection of the plate is derived using the double Fourier transform. Employing the fast 
Fourier Transform, a rigid pavement is chosen to obtain numerical results, which are consistent 
with those from the classical solution. The effects of initial load velocity, load acceleration, load 
deceleration and horizontal resistance at the plate bottom on the dynamic deflection are discussed. 
An expression to predict the critical velocity is derived, and the results from this formula show 
very good agreement with those from the numerical analysis. The numerical analysis indicates 
that the maximum dynamic deflection occurs when the load velocity reaches the critical velocity 
for the plate. The initial velocity, the acceleration and the deceleration of the rectangular load 
influence the dynamic response, and the dynamic deflection of the plate at the critical velocity 
decreases significantly as they increases. 
Keywords: vibration, moving load, varying speed, two-parameter foundation, plate, critical 
velocity. 
1. Introduction 
The study of the vibrational characteristics of plates resting on elastic or viscoelastic 
foundations subjected to moving loads is both interesting and important, since some of the results 
may be applicable in understanding the dynamic behavior of roadways and runways. In analyzing 
roadways and airport runways, the surface layer of the pavement (concrete slabs in rigid 
pavements and asphalt mixtures in flexible pavements) is normally modeled based on the 
Kirchhoff thin-plate theory, and the underlying layers are modeled using an elastic foundation, 
normally of Winkler type. Beams and plates on Winkler-type elastic foundations subjected to 
moving loads and static or free vibrational analyses of plates on elastic foundation have received 
extensive treatment in the literature [1-6]. In these studies, the resistance at the plate bottom has 
been taken to be the vertical stiffness of the foundation (the modulus of subgrade reaction), and 
the horizontal resistance at the plate bottom has usually been ignored. However, the shear 
resistance of the foundation and the friction between the plate bottom and the foundation cause a 
horizontal resistance at the bottom of the plate. Especially for rigid pavement systems early in 
their lifetime, the horizontal resistance should be taken into account, and it is normally 
incorporated when three dimensional analyses are performed [7, 8]. 
In general, the loads on the above-mentioned types of structures are moving loads or moving 
masses such as the wheel loads from moving vehicles and aircraft. When moving loads are 
considered, the load velocity is often assumed to be constant [9, 10]. However, when a vehicle 
accelerates or decelerates or when an aircraft takes off or lands, the loads applied to the plate 
structures are moving loads undergoing acceleration or deceleration. The response to accelerating 
or decelerating loads has not been considered in this context, and the existing research on the 
response to accelerating loads only pertains to plate and beam structures without a two-parameter 
elastic foundation. For example, Suzuki [11] and Zibdeh et al. [12] investigated the influence of 
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the acceleration of travelling loads on the response of a finite beam. Huang and Thambiratnam 
[13] used the finite strip method to investigate the response of rectangular plate structures and 
studied the effects of initial load position, acceleration and initial moving velocity on the response. 
Michaltsos [14] and Peng et al. [15] analyzed the deflection response of a simply supported beam 
subjected to a load moving at variable speeds by considering the influences of both the inertial 
force of the moving mass and its acceleration on lateral vibration. 
The main objective of this paper is to discuss the effects of initial load velocity, load 
acceleration and deceleration, and horizontal resistance at the plate bottom on the dynamic 
deflection of a plate resting on a two-parameter elastic foundation subjected to moving loads with 
varying velocities. A rectangular load with a constant advance velocity is considered instead of a 
point load because moving loads in practice are normally distributed over a finite area, and the 
point load represents only an extreme case. The general solution for the dynamic deflection of the 
plate is derived analytically using the double Fourier transform, and an expression to predict the 
critical velocity is derived. Numerical analyses are performed to examine how the initial moving 
velocity, the acceleration, the deceleration, and the horizontal resistance at the plate bottom affect 
the deflection response. 
2. Formulations 
If there is horizontal resistance at the bottom of a plate on an elastic foundation, as shown in 
Fig. 1, this resistance will cause internal horizontal forces to the plate bottom when the plate is 
subjected to external loads. If the Kirchhoff inextensional thin plate theory is considered, then, in 
a Cartesian coordinate system , , , with horizontal resistance taken into account, the dynamic 
governing equation of the plate can be written as [5]: 
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where  is the flexural rigidity of the plate defined by: 
   121  " , (2)
and  is the vertical displacement of the plate,  is the mass of the plate per unit of area, 
and  is the viscous damping constant,  and  are the vertical and horizontal stiffness, 
respectively, per unit of area of the underlying layers. , , and " are the elastic modulus, 
thickness, and Poisson’s ratio of the plate, and  is the loading function. 
 
Fig. 1. A plate on an elastic foundation with horizontal resistance at the plate bottom 
The solution of Eq. (1) can be obtained using the Fourier transform if the plate is assumed to 
extend to infinity in the horizontal plane. Here, the double Fourier transform is introduced. With 
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its direct and inverse forms are defined as follows: 
#$%
$&' (, ),  = * * , , +,-./012334,404,4 ,, ,  = 145 * * ' (, ), +-./0123(3)4,404,4 ,
 (3)
where (  and )  are the variables in the transformed domain corresponding to   and   in the 
physical domain. 
Application of the double Fourier transform to Eq. (1) gives the following equation: 
 
'
 +  
'
 + 6( + ) + ℎ4 ( + ) + 7 ' (, ),  = 8(, ), , (4)
Assuming that several loads of varying speed move along the plate, and that the contact area 
is rectangular, the loads can be expressed as: 
, ,  = 9 :-4;<; = 6;< − 	 − * >-d @A 7- =; − , (5)
where = is the Heaviside unit step function, the subscript B numbers the rectangular loads, :-  is 
the magnitude of the load pressure, >- is the velocity function of the moving load, and 2;< and 
2; are the loaded lengths of the rectangular loads in the  and  directions, respectively. 
According to the shifting theorem of the Fourier transform, in the transformed domain, the 
moving loads of varying speeds can be expressed as: 
8(, ),  = 9 :- sin(;< sin);();<; +,-. F GH@I@JK- . (6)
Substitutions of Eq. (6) into Eq. (4), the following relationship is obtained: 
' (, ), 
 + M 
' (, ), 
 + N' (, ),  = O8, (7)
where: 
M =  ,   N = ( + ) + ℎ
4 ( + ) +  ,   O8 = 8(, ),  . 
Putting O8 = 0 in Eq. (7), the following equation can be derived: 
' (, ), 
 + M 
' (, ), 
 + N' (, ),  = 0. (8)
Eq. (8) is an ordinary differential equation with the time  as independent variable. It is known 
that any superposition of the general solution of Eq. (8) and a special solution of Eq. (7) is also a 
solution of Eq. (7). Furthermore, the general solution of Eq. (8) and the special solution of Eq. (7) 
can be considered as representing free damped vibration and forced damped vibration, 
respectively, in the transformed domain. According to Eqs. (7) and (8), the solution for the 
response of the vertical displacement of the plate is: 
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' (, ),  = 9 :- sin(;< sin); +,-. F GH@I@JKQℎ();<;R−B(>. - − (S>-T − B(M>- + NU-  , (9)
where >. - is the first-order derivative of >. -. 
If the loads are initially at the origin of the coordinate plane, and move with a uniformly 
acceleration (or deceleration) along the positive   direction, the velocity function can be 
represented as: >- = >-A + V-, (10)
where >-A and V- are respectively the initial velocity and acceleration of the Bth load. 
Substituting of Eq. (10) into Eq. (9), followed by application of the inverse double Fourier 
transform gives the dynamic displacement response of the plate in the time domain as: 
, ,  = 145 9 * * :- sin(;< sin); +,-. F GHK0WH@I@
JKQℎ();<;S−B(V- − (>-A + V- − B(M>-A + V- + NT 3(3)4,404,4- . (11)
It can be seen here that the solution for the dynamic response of the plate under moving 
rectangular loads of varying speed is in the form of an infinite integral. When the integrand in 
Eq. (11) takes its maximum value, the dynamic displacement response of the plate reaches its peak, 
and the velocity of the loads at this time is called the critical (resonance) velocity [2, 5]. From 
examination of the integral in Eq. (11), it can be seen that the critical velocity can be obtained 
from the equation: 
−(>A + V + ( + ) + ℎ4 ( + ) +  = 0. (12)
The following inequality can be derived from Eq. (12): 
>A + V = X( + ) + ℎ4 ( + ) + ( ≥ Z( + ( + ℎ4
≥ X2[ + \ℎ4 ] . 
(13)
Thus, the predicted critical (resonance) velocity that will be used in this paper is given by: 
>^ _ = X2[ + \ℎ
4 ] . (14)
3. Comparison with the existing work 
To verify the accuracy of this work, Fig. 2 compares the vertical displacements of the plate 
obtained from our model with that given by Kim et al. [1]. They studied the deflection response 
of a plate on an elastic foundation under moving rectangular loads moving with constant speed. 
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In our model, the motion of loads at constant speed can be simulated by choosing the acceleration 
as zero, and then, after selecting the same parameters for the foundation ( = 0) and for the plate 
and load (Table 1) as those assumed by Kim et al. [1], the vertical displacements can be calculated. 
The dynamic displacement responses of the plate under three different load speeds (> = 12.7  m/s, 
152.4  m/s  and 177.8  m/s) are shown in Fig. 2. It can be seen that the results obtained by our 
approach are in good agreement with those of Kim et al. [1]. 
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Fig. 2. Vertical displacement of the plate for loads moving with constant speed: comparison between the 
results of the present method and those of Kim et al.’s [1] 
Table 1. Parameters for the moving load, plate and foundation 
Parameters  Values 
Magnitude of the load pressure : / (N) 175 
Load length ;< / (m) 0.075 
Load width ; / (m) 0.075 
Young’s modulus of the plate  / (109 Pa) 1.516 
Poisson’s ratio of the plate " 0.35 
Thickness of the plate ℎ / (m) 0.15 
Density of the plate Q / (kg/m3) 2440 
Vertical stiffness of the foundation  / (106 N/m) 95 
4. Results and discussion 
In order to demonstrate some of the characteristics of the response of the plate, a calculation 
is performed in this section by employing the fast Fourier transform (FFT). To compute the inverse 
transform accurately with a discrete transform, the integrals must be truncated at sufficiently high 
values to avoid distortion of the results, while the mesh of the calculated functions must be fine 
enough to well represent the details of the functions. To satisfy the above requirements, a FFT 
algorithm is employed with a grid of 2048×2048 points with ranges of 16 m-1 < ( < 16 m-1 and 
16 m-1 < ) < 16 m-1 is adopted. In fact, although many studies have recently been conducted to 
analyze the influence of various parameters such as the plate modulus and thickness, the load 
velocity and frequency, and the stiffness and damping of the foundation on the dynamic responses 
[9, 10], most of them have used loads moving with constant velocity. Therefore, this paper focuses 
on the effect of load acceleration, deceleration and initial velocity on the dynamic response. In 
plate structures, all response properties are functions of the deflection ‘’, which is the most 
important property in this regard. Other responses such as bending moments will have singularities 
under the load, but elsewhere will behave similarly to the deflection. Accordingly, in this paper 
only results for the deflection are presented. For the numerical example, a rigid pavement system 
is selected and is analyzed using the proposed method. The loaded condition and the physical and 
mechanical properties of the pavement and the foundation are given in Table 2, they correspond 
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to those given by Kim [5] and Huang [6]. It is assumed that the rectangular load is initially at the 
origin of the coordinate plane, and moves with a uniformly acceleration (or deceleration) along 
the positive  direction, some results are derived as shown in Figs. 3-12, and the parameters are 
selected according to Tables 2 if not being denoted in the figures. 
Table 2. Computational parameters for the numerical example 
Parameters  Values 
Magnitude of the load pressure : / (N) 1000 
Load length ;< / (m) 0.075 
Load width ; / (m) 0.075 
Young’s modulus of the plate  / (109 Pa) 31.0 
Poisson’s ratio of the plate " 0.20 
Thickness of the plate ℎ / (m) 0.30 
Density of the plate Q / (kg/m3) 2550 
Vertical stiffness of the foundation  / (106 N/m) 10 
Horizontal stiffness of the foundation  / (106 N/m) 250 
 
Fig. 3. Shape of the deflection along the  direction for three different load positions  
 
Fig. 4. Shape of the deflection along the  direction for three different load positions 
First, a moving rectangular load with initial velocity >A = 0 and acceleration V = 200 m/s2 is 
considered, and the shape of the deflection is plotted for three different positions of the load,   = 10, 40, and 70 m, as the load moves along the  direction at a varying velocity that depends 
on the initial velocity and acceleration. For the sake of comparison, the horizontal stiffness at the 
plate bottom is fixed at  = 250 MPa/m. Figs. 3 and 4 show the shapes of the deflection along 
the positive  direction and along the  direction, respectively. The three different positions 10, 
40, and 70 m on the  axis in Fig. 3 and the position  = 0 in Fig. 4 represent the location of the 
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center of the load. The shape of the deflection is symmetric with respect to the two axes that pass 
through the center of the load. For the deflection in the direction of motion of the load (the  
direction), there are clear downward peaks at the front and rear of the load (Fig. 3), but no such 
peaks appear in the deflection along the  direction (Fig. 4). It can also be seen that at different 
load positions or times, the shapes of the deflection are similar but with different maximum values. 
This indicates that the deflection moves along the plate with the same acceleration as the 
rectangular load. 
The variations of the dynamic deflection with time are shown in Fig. 5 for an initial load 
velocity >A = 0 and three different load accelerations V = 50, 100, and 200 m/s2. It can be clearly 
seen that three deflection peaks appear at different times, that is, with different load velocities. 
The load velocity corresponding to each peak is called the critical (resonance) velocity, which can 
be predicted using Eq. (14). Here, the times of the three deflection peaks are  = 5.576, 2.788, and 
1.394 s, respectively, and the corresponding load velocity is consistent with the critical velocity 
(>^ _ = 278.8 m/s) for the plate. As the load velocity increases, the dynamic deflection increases 
until the velocity becomes close to the critical velocity, after which it decreases again. For a load 
at its critical velocity, the magnitude of the dynamic deflection of the plate depends on the load 
acceleration and is lower for higher values of the acceleration. This feature can also be seen in 
Fig. 6, which shows the variation of the deflection along the direction of motion of the load at the 
critical velocity for different load accelerations. It is clear that the effect of the load acceleration 
on the dynamic deflection is significant. 
 
Fig. 5. Variation of deflection with time for different load accelerations 
 
Fig. 6. Variation of deflection at critical velocity for different load accelerations 
To examine the response more closely, the dynamic deflections at the critical velocity for two 
0 1 2 3 4 5 6
0
0.005
0.01
0.015
0.02
t / s
W
 
/ m
m
 
 
a=50 m/s2 a=100 m/s2 a=200 m/s2
kh=250 MPa/m
V0=0 m/s
-30 -20 -10 0 10 20 30
-0.015
-0.01
-0.005
0
0.005
0.01
0.015
0.02
x / m
W
 
/ m
m
 
 
a=50 m/s2
a=100 m/s2
a=200 m/s2kh=250 MPa/m
V0=0 m/s
1262. VIBRATIONS OF A PLATE ON A TWO-PARAMETER FOUNDATION SUBJECTED TO MOVING RECTANGULAR LOADS OF VARYING VELOCITIES.  
ZHENG LU, HAILIN YAO, YONGXIANG ZHAN, ZHI HU 
1550 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. MAY 2014. VOLUME 16, ISSUE 3. ISSN 1392-8716  
values of the load acceleration V =	50 and 200 m/s2 are plotted in the plane –20 m a  a	20 m,  
–20 m a  a	20 m, as shown in Figs. 7 and 8. It is clear that several peaks can be observed in the 
plane, which correspond to those in Fig. 6. The magnitude of the deflection for the low 
acceleration V 	50 m/s2 is much larger than that for the high acceleration V 	200 m/s2, and the 
deflections are clearly spread out spatially to a wider extent. 
 
Fig. 7. Distribution of deflection in the {, } plane at the critical velocity for a load  
acceleration V 	50 m/s2 
 
Fig. 8. Distribution of deflection in the {, } plane at the critical velocity for a load  
acceleration V 	200 m/s2 
To study the effect of deceleration of the load on the response of the plate, Fig. 9 shows the 
variation of the dynamic deflection with time for an initial load velocity >A 	300 m/s and three 
values of the load deceleration V 	−50, −100, and −200 m/s2. For the sake of comparison, the 
deflections are presented for  	250 MPa/m. It can be seen that the deflection peaks at the times 
when the load reaches its critical velocity. The maximum value of the deflection for V 	−50 m/s2 
is larger than for V 	−100 and −200 m/s2. The magnitude of the dynamic deflection at the critical 
velocity decreases with increasing deceleration. The effect of the initial load velocity on deflection 
of the plate is shown in Fig. 10, where the load acceleration is fixed at V 	100 m/s2 and three 
different initial velocities >A 	0, 50, and 100 m/s are considered. It can be seen that the maximum 
magnitude of the dynamic deflection decreases with increasing initial load velocity, showing the 
same trend as in Figs. 5 and 9. It can also be seen from Figs. 9 and 10 that both the deceleration 
and initial velocity of the load have pronounced effects on the magnitude of the dynamic deflection. 
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Fig. 9. Variation of deflection with time for different load decelerations 
 
Fig. 10. Variation of deflection with time for different initial load velocities 
The shear resistance of the foundation and the friction between the plate bottom and the 
foundation cause horizontal resistance at the bottom of the plate. It is therefore necessary to 
consider the effects of horizontal resistance at the plate bottom on the plate response, which are 
normally ignored. Further investigation of the dynamic responses of plate systems with different 
horizontal stiffness is needed. Fig. 11 shows the variation of the dynamic deflection with time for 
different values of the horizontal stiffness (which represents horizontal resistance)   0, 250, 
and 500 MPa/m. The initial load velocity and the load acceleration are fixed at >A = 0 m/s and V = 100 m/s2, respectively. As can be seen, the critical velocity increases as the horizontal 
resistance at the plate bottom increases. For load velocities smaller than the critical velocity for 
the system without horizontal resistance (about 265.3 m/s in this case), the dynamic deflection for 
a given velocity decreases as the horizontal resistance at the plate bottom increases. For load 
velocities larger than the critical velocity for the system without horizontal resistance, the dynamic 
deflection for a given velocity can increase with increasing horizontal resistance. However, for 
much larger velocities, the dynamic deflection for a given velocity decreases as the horizontal 
resistance increases, but the difference in the dynamic deflection is not significant. Fig. 12 presents 
the variation of the dynamic deflection along the direction of motion of the load at the critical 
velocity for different values of the horizontal stiffness. It can be seen that the dynamic deflection 
decreases with increasing horizontal resistance at the center of the rectangular load, but increases 
at the front and rear of the load. Figs. 11 and 12 indicate that the both the critical velocity and the 
dynamic deflection of the plate are influenced by the horizontal stiffness at the plate bottom in 
that the horizontal stiffness resists bending of the plate and changes the vibrational characteristics 
of the system. 
0 0.2 0.4 0.6 0.8 10.004
0.006
0.008
0.01
0.012
0.014
0.016
0.018
0.02
t / s
W
 
/ m
m
 
 
a=-50 m/s2
a=-100 m/s2
a=-200 m/s2
V0=300 m/s
kh=250 MPa/m
0 0.5 1 1.5 2 2.5 3
0.002
0.004
0.006
0.008
0.01
0.012
0.014
0.016
0.018
t / s
W
 
/ m
m
 
 
V0=0 m/s V0=50 m/s V0=100 m/s
kh=250 MPa/m
a=100 m/s2
1262. VIBRATIONS OF A PLATE ON A TWO-PARAMETER FOUNDATION SUBJECTED TO MOVING RECTANGULAR LOADS OF VARYING VELOCITIES.  
ZHENG LU, HAILIN YAO, YONGXIANG ZHAN, ZHI HU 
1552 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. MAY 2014. VOLUME 16, ISSUE 3. ISSN 1392-8716  
  
Fig. 11. Variation of deflection with time for different values of the horizontal stiffness 
 
Fig. 12. Variation of deflection at the critical velocity for different values of the horizontal stiffness 
      
Fig. 13. Variation of the critical velocity with horizontal stiffness:  
comparison of results from numerical analysis and the formula in Eq. (14) 
To clarify the influence of the horizontal stiffness at the plate bottom on the plate response, 
the critical velocity and the maximum deflection of the plate are plotted against the horizontal 
stiffness in Figs. 13 and 14, respectively. Fig. 13 shows the critical velocities obtained from the 
numerical analysis and those predicted by Eq. (14) as functions of the horizontal resistance. It can 
be seen that the critical velocity increases linearly as the horizontal stiffness increases and that the 
results from the numerical analysis and Eq. (14) are identical. Fig. 14 shows the effects of the 
0 1 2 3 4 5
0
0.002
0.004
0.006
0.008
0.01
0.012
0.014
0.016
0.018
t / s
W
 
/ m
m
 
 
kh=0 MPa/m
kh=250 MPa/m
kh=500 MPa/m
V0=0 m/s;  a=100 m
2/s
-10 -5 0 5 10
-0.01
-0.005
0
0.005
0.01
0.015
0.02
x / m
W
 
/ m
m
 
 
kh=0 MPa/m
kh=250 MPa/m
kh=500 MPa/m
V0=0 m/s
a=100 m2/s
0 200 400 600 800 1000
260
270
280
290
300
310
320
Kh / (MPa/m)
V c
r 
/ (m
/s
)
 
 
Analysis
Formula
1262. VIBRATIONS OF A PLATE ON A TWO-PARAMETER FOUNDATION SUBJECTED TO MOVING RECTANGULAR LOADS OF VARYING VELOCITIES.  
ZHENG LU, HAILIN YAO, YONGXIANG ZHAN, ZHI HU 
 © JVE INTERNATIONAL LTD. JOURNAL OF VIBROENGINEERING. MAY 2014. VOLUME 16, ISSUE 3. ISSN 1392-8716 1553 
horizontal stiffness on the maximum deflection of the plate, where the maximum deflection is 
defined as the dynamic deflection at the critical velocity and three load accelerations V  50, 100, 
and 200 m/s2 are considered. It can be seen from Fig. 14 that the relationship between the 
maximum deflection of the plate and the horizontal stiffness is almost linear for all three values 
of the load acceleration, with the maximum deflection decreasing with increasing of horizontal 
stiffness. This result indicates that the horizontal stiffness at the plate bottom can resist bending 
of the plate and thus reduce its dynamic deflection. 
 
Fig. 14. Variation of the maximum deflection with horizontal stiffness for different load accelerations 
5. Conclusion 
In this paper, an analytical method has been proposed to investigate the vibrational 
characteristics of a plate on a two-parameter foundation subjected to moving rectangular loads of 
varying speeds. The governing equations have been solved by Fourier transform and the 
time-domain results calculated by a fast inverse Fourier transform. The effects of the acceleration, 
deceleration and initial velocity of the load on the dynamic deflection response have been 
investigated systematically. The influence of the horizontal stiffness at the plate bottom on the 
response has also been studied. The main conclusions of this study can be summarized as follows: 
1) An expression to predict the critical velocity has been derived, and the results from this 
formulas show very good agreement with those of the numerical analysis. 
2) As the load velocity increases, the dynamic deflection of the plate increases until the 
velocity becomes close to the critical velocity, after which it decreases again. 
3) The effects of the initial load velocity, the load acceleration and the load deceleration on the 
dynamic deflection are pronounced. At the critical velocity, the magnitude of the dynamic 
deflection of the plate decreases as the initial load velocity, the acceleration and the deceleration 
increase. 
4) The dynamic deflection of the plate decreases with increasing horizontal resistance at the 
center of the rectangular load, but it increases at the front and rear of the load. Both the critical 
velocity and the dynamic deflection of the plate are influenced by the horizontal stiffness at the 
plate bottom in that the horizontal stiffness resists bending of the plate and changes the vibrational 
characteristics of the system. 
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